Every *-morphism of a Q locally ra-convex (lmc) *-algebra E, in an lmc C* -algebra F, is continuous. The same is also true if E is taken to be a Frechet locally convex * -algebra. Thus, the topology of a Frechet locally convex C*-algebra (& Frechet lmc C*-algebra) is uniquely determined. Each lmc C* -algebra has a continuous involution. In the general case, one has that the involution of a barrelled Ptak (e.g. Frechet) locally convex algebra E is continuous iff the real locally convex space H{E) of its self-adjoint elements, is a closed subspace. In particular, every algebra E as before, which admits a continuous faithful * -representation, has a continuous involution. Furthermore (without assuming continuity of the involution), we obtain that every * -representation of an involutive Frechet Q lmc algebra E, is continuous, while if E has moreover a bounded approximate identity, the same holds also true for each positive linear form of E.
1. Introduction. The continuity of (homo)morphisms between nonnormed topological algebras has been considered by several authors. An extensive exposition of what is known about this problem, particularly for multiplicative linear forms, has been given by T. Husain in [14] . In this regard, a relevant result is provided by Corollary 3.7 of this paper (cf. also comments following Corollary 3.7). After the recent increasing applications of the theory of (non-normed) topological *-algebras in other fields of mathematics, as for instance, quantum mechanics (cf. [17] as well as comments in [8; p. 115] ), the continuity of *-morρhisms between this sort of algebras receives considerable attention. The known results on automatic continuity of *-morphisms between topological *-algebras concern mainly (Hubert space) *-representations (cf., for instance, This paper provides, in the context of locally convex algebras, new generalizations and extensions of previously known Banach algebra results. Namely, §2 presents the background material. Section 3 deals with several cases of automatic continuity of *-morρhisms between locally m-convex (lmc) *-algebras (see, for example, Theorems 3.1, 58 MARIA FRAGOULOPOULOU 3.3, 3.11). As a byproduct one gets sufficient conditions under which lmc C*-algebras become classical C*-algebras (cf. Proposition 3.8, Corollary 3.12). In this regard, note that the only complete Q lmc C*-algebras are C*-algebras (cf. [11; Theorem 4.3] ). Section 4 gives necessary and sufficient conditions under which the involution of a locally convex algebra becomes continuous (Propositions 4.1, 4.2). In §5 no-continuity of the involution is assumed for the algebras involved. Thus, (Hilbert-space) *-representations of involutive Frechet Q lmc algebras are continuous (Theorem 5.2), while the same also holds for the positive linear forms if the preceding algebras possess a bounded approximate identity (bai) (Theorem 5.7). In this regard, every positive linear form of C°°(X, E) is continuous, whenever X is an ndimensional compact metrizable C°°-manifold and E is, for instance, an involutive commutative Banach algebra with a bai (Corollary 5.9).
Notation and definitions.
All the algebras we deal with are complex, while the topological spaces involved are assumed to be Hausdorίf.
A Q-algebra is a topological algebra whose set of quasi-invertible elements is open [19, 18] . A locally m-convex (lmc) algebra is a topological algebra whose topology is defined by a directed family of submultiplicative seminorms [1, 19, 18] . Such an algebra will be usually denoted by (E, (p a )), a e A. In case E is endowed with an involution * such that p a (x*) = Pa(x), for any x e E, a e A, we will speak of an lmc *-algebra. When no-continuity of the involution is involved the term involutive topological algebra will be used. Denote by H(E) the set of the self-adjoint elements of an involutive algebra E. Every C*-seminorm on E is then automatically submultiplicative and *-preserving [22] . Thus, one defines an lmc C*-algebra as an involutive topological algebra whose topology is defined by a directed family of C*-seminorms. Complete lmc C*-algebras are called locally C* In fact, N. C. Phillips proves Theorem 3.3 in case E is a Frechet lmc C*-algebra and F a complete lmc C* -algebra.
THEOREM. Let (E, (p n ))
, n e N, be a Frέchet locally convex *-algebra and (F 9 {qβ)) 9 β G B, a locally convex C*-algebra (<* lmc C*-algebra). Then, every *-morphism φ of E in F, is continuous.
Proof. Using (2.1) and the fact that every Fβ, β e B, is a C*-algebra, the continuity of φ is reduced to that of a *-representation of E, which is valid according to the preceding comments. The next proposition provides a sufficient condition for an lmc C*-algebra to be a C*-algebra.
COROLLARY. The topology of a Frechet locally convex C*-algebra (o Frechet lmc C*-algebra) is uniquely determined. That is, any other Frechet locally convex C*-topology on E is equivalent to

PROPOSITION. The image, under a *-morphism φ, ofaPtάk Q lmc *-algebra E onto a barrelled lmc C*-algebra F is, up to a topological algebraic isomorphism, a C*-algebra.
Proof. By Theorem 3.1 φ is continuous, hence ker(^) is closed. Thus, E/ker(φ) endowed with the quotient topology is a Hausdorff Ptak Q lmc *-algebra (cf., for instance, [13; p. 300, Proposition 5] and [19; Proposition 13.5]). Now, the canonical algebraic isomorphism Proof. Without loss of generality we suppose E and F unital. Now, since each p a is a C*-seminorm and qβ{φ(x*x)) < qβ(φ(x)) 2 , for any β e B, x e E, it suffices to prove (3.1) for every x e H(E). Thus, let x e H(E) and E o be the complete lmc C*-subalgebra of E generated by x and the unit of E. Then, 2s 0 = W(sp E (x)) up to a topological algebraic *-isomorphism (see also, for instance, [5; 1.5.1, Theorem]), so that £Ό i s a unital commutative C*-algebra. Thus, we may suppose E to be such an algebra. On the other hand, since in this case Im(^) is also commutative and aτi(Im • It would be interesting to have any strengthening of Theorem 3.9.
COROLLARY. Let E be as in Theorem 3.9 and φ a faithful *-representation of E. Then, φ~x\lm(φ) is continuous, a
For the existence of faithful *-representations of an lmc C*-algebra and/or an lmc *-algebra see [10; Corollary 1.2, Theorem 2, 3] as well as [11; Proposition 4.11].
THEOREM. Let (E, (p n )), n e N, be a Frechet Q Imc algebra, (F, (qβ)) 9 β e B, an Imc C*-algebra and φ a 1-1 morphism of E in F with self-adjoint image (: φ(x)* e Im(^), for every x e E). Then, φ is continuous.
Proof. The map φ~x o (*| Im (^)) o φ, is clearly an involution of E, which by a closed graph argument [13] is continuous. In fact, let (x n ) be a sequence in E with x n -+ x e E and x* -+ y e E. Arguing as in Theorem 3.1, we obtain that for every β e B, there is no e N such that 
COROLLARY. Let E, F be as in Theorem 3.11 and φ a bijective morphism between E and F. Then, whenever F is barrelled, both E and F become C*-algebras up to topological algebraic isomorphisms.
Proof
Continuity of the involution of a topological algebra.
In this section we consider necessary and sufficient conditions under which the involution of a locally convex algebra is continuous. For the Banach algebra analogues of these results, see [2; p. 190, §36] . In the same reference there are also examples of discontinuous involution. Here, we present another example of this kind; namely, we construct a Frechet lmc algebra with a discontinuous involution.
Let now E be an involutive algebra and E* the algebraic dual of E. Then, the map £* ->E*:f^> f* with f*(x) := J(x*), x e E, is a linear involution of E* in the sense of [2] (see also (ibid., p. 187)). In this respect, one easily has the following propositions.
PROPOSITION. For an involutive locally convex algebra E, whose topological dual is E f , consider the next statements: (i) The involution of E is continuous. (ii) E' is invariant (under the linear involution of E*).
Then, (i) => (ii), while (ii) => (i) in case E is moreover barrelled and Ptάk (e.g., Frechet). D 4.2. PROPOSITION. For an involutive locally convex algebra E, consider the following statements: (i) The involution of E is continuous. (ii) H(E') separates the points of E. (iii) H(E) is a closed subspace of E.
Then, (i) => (ii) => (iii), while (iii) => (i) in case E is moreover barrelled and Ptάk. π
COROLLARY. Let E be an involutive barrelled Ptάk locally convex algebra and φ a faithful *-representation of E. Then, the involution of E is continuous.
Proof. Let (x$) be a net in H(E) with lim^ x# = x G E. Then, for any ξ, η e H φ we have (φ(x)(ξ), η) = (ξ, φ(x)(η)}, which implies x G H(E). The assertion now follows by Proposition 4.2. D 4.4. Example of a discontinuous involution.
Let (E n ), «GN,bea sequence of Banach algebras with respect to two norms || \\ n , || \\' n , n e N, which are not equivalent. Suppose also that each E n , n e N, has an isometric involution with respect to || \\ n , n e N. Then, E = H n E n is a Frechet lmc algebra with respect to two topologies τ, τ' induced from || \\ n , || \\' n , n e N, respectively. In particular (is, τ) is an lmc *-algebra, while τ, τ' are not equivalent. Now let F = (E, τ)®(E, τ') with algebraic operations defined coordinatewise and involution by (x 5 y)* := (y*, x*), (X,J/)GF. Then, F is an involutive Frechet lmc algebra under the respective direct sum topology. In particular, we can find a sequence (y n ) in E with y n -> 0, but y n -++ 0 so that there is a sequence (z n ) in i 7 such that z n -> 0, but z* ^> 0. For a given algebra E denote by J E the Jacobson radical of E [2; p. 124, Definition 13 ]. E will be called semisimple if JE = {0} (ibid.). jp a )) 9 a G A, onto a semisimple lmc algebra F. Then, ker(^) is closed and J E c ker(^). is an involutive (commutative) Frechet Q Imc algebra (ibid., Corollary XII, 2.2). Now, since moreover C°°(X, E) has a bai (given as the tensor product of the unit of C°°{X) with the bai of E), the assertion follows by Theorem 5. 
LEMMA. Let φ be a morphism of a Q lmc algebra (E, (
Proof. Let x e Ή, M = kεv(φ)
.
